The theory of aeroelastic wave propagation along a long beam traveling in a tunnel lined with Helmholtz resonators is developed, and the effect of the lining on the stability of the beam is examined. Assuming an elastic beam of uniform cross section and of infinite length, and taking account of the compressibility of the air, the linear dispersion relation is derived for an air-beam-cavity system on disregarding all dissipative effects. The lining newly introduces the cavity mode of propagation in addition to the acoustic mode and the beam mode. When a restoring force in the transverse direction to the beam's axis is present, it is found that all modes are neutrally stable. Without this force, Kelvin-Helmholtz instability occurs in the beam mode for a long wavelength and a low frequency. But the lining does not take part in this instability. The stability of wave propagation is also examined from the standpoint of the wave energy. It is revealed that the cavity mode turns into the mode of so-called negative energy waves as a wave number increases beyond a critical value. Emergence of negative energy waves implies destabilization of the stable modes by weak dissipative effects. The negative energy waves appear also in the beam mode, if the restoring force is absent, in a very narrow band of the wave number. 
T HIS paper develops the theory of aeroelastic wave propagation to examine the stability of a long beam traveling in a tunnel. Particularly concerned is the effect of the acoustic lining of the tunnel's inner surface with Helmholtz resonators. This problem is motivated by an interest to know how a train behaves aeroelastically when traveling in a tunnel with high speeds and how the lining affects the stability of the train. The lining is proposed for the purpose of inhibiting emergence of an acoustic shock wave in a tunnel generated by a train's entry into the tunnel.
l ' 2 In fact, the shock wave can occur in long tunnels (of several to 10 km long) for such a low train's Mach number as 0.15. As the train speed is increased, the magnitude of shock wave is strengthened and the shock-formation distance from the tunnel entrance is shortened; namely, the shock wave tends to emerge in shorter tunnels.
To simplify the problem, we assume an elastic beam of uniform cross section and of infinite length. Admittedly, however, this may be insufficient to model an actual train in that it usually comprises many vehicles. To be more realistic, it may be appropriate to assume piecewise uniform beams articulated or coupled simply by pin joints. But since the main concern in this paper is to investigate the effect of the lining, it is the simplest approach to start with the present model. The beam is assumed to be subjected not only to bending but also to a restoring force in the transverse direction to the beam's axis. In a case of magnetically levitated trains, this lateral force is provided by a guideway. Let the inner surface of the tunnel be lined uniformly with the identical Helmholtz resonators. A distance between the neighboring resonators is assumed to be so small compared with a typical wavelength that the effect of the resonators may be smeared out. In general, when a train travels in a tunnel, the surrounding air in an annular region between the train and the tunnel is perturbed and forced into motion by friction. If end effects near the train's head and tail are ignored, the Reynolds number associated with the train speed and its typical diameter takes a very large value on the order of 10
7
. Hence turbulence in flows may become important in practice but is ignored here by assuming infinitesimally small disturbances. Furthermore discarding a thermoviscous loss of the air and an intrinsic damping of the beam as well, we derive the linear dispersion relation for aeroelastic wave propagation in the air-beamcavity system.
But it is not always sufficient to discuss the stability on the basis of the lossless dispersion relation thus derived, even if only the linear theory is concerned. Dissipative effects are always involved more or less. In such a system that there exists an infinitely large store of energy supplied by the traveling of the beam or by the air if viewed from a frame moving with the beam, we cannot say immediately that the dissipative effects lead always to stabilization of neutrally stable waves. In contrast, it often happens that they lead to destabilization. Then the concept of negative energy waves plays an important role in discussing their stability. It was originally conceived by Benjamin 3 and Landahl 4 and later crystallized by Cairns.
5
For some examples, see Ostrovskii et al. 6 and Crighton and Oswell. 7 Whereas usual positive energy waves are stabilized by dissipative effects, negative energy waves are destabilized by them. Intuitively, because any dissipative effects, though assumed to be linear and weak, tend to decrease the wave energy, it follows that the negative energy waves grow in magnitude. To identify the sign of the wave energy, we must establish the energy equation and calculate the average of the wave energy density over one period of oscillation. The sign of the mean wave energy density can then be derived from the lossless dispersion relation. In the following, the formulation of the problem is first given in Sec. II and the linear dispersion relation is then derived in Sec. III. Section IV is devoted to numerical evaluation of the dispersion relation and also to its asymptotic evaluation in the case of weak aeroelastic coulping. In Sec. V, the mean wave energy is shown to be derived from the dispersion relation and the mode of the negative energy waves is identified.
II. Formulation of the Problem
We start with formulating the problem. Suppose an infinitely long tunnel of radius R. Take the (x, y, z) Cartesian coordinate system and the (r, 0, jt) cylindrical coordinate system so that the x axis may be taken in common along the center axis of the tunnel. The cross-sectional configuration is shown in Fig. 1 . An elastic beam of radius b(<R) extends to infinity along its axis, and it travels with a constant speed in the x direction. This speed is smaller, of course, than the sound speed in the surrounding air. In the unperturbed state, the beam is straight and concentric with the tunnel, whereas the quiescent air fills the annular region b < r < R and the resonators through orifices. All dissipative effects and the gravity are ignored.
When the beam is bent because of air-beam interaction, it is constrained to deflect in the y direction only and is subjected to the restoring force proportional to the deflection. The inner surface of the tunnel is lined uniformly with many but identical resonators and is smooth and rigid. Since the distance between the neighboring resonators is taken to be small enough compared with a typical wavelength, the resonators are regarded as being distributed continuously and their effect is considered in the averaged form over the inner surface of the tunnel including the throat's orifices.
On assuming infinitesimal deflection of the beam, the behavior of the perturbed air is described on taking account of its compressibility by the following equation for </>(r, 0,x,t):
In terms of 0, the excess pressure p is given by p(r,0,x,t) = -poof (2) and the density fluctuation is given by When the beam is deflected by h(x, t), the kinematical boundary condition at the beam's surface requires that -= -cos 0 at r = b (3) As the beam is moving in the axial direction, it is appropriate to take the moving frame £ and r instead of x and t. In this frame, the flexural motion of the beam is governed by
for #(f, r)[=/i(f + 17 r, r)]. Here Q h is calculated as follows. The force qb acting on the beam at x in the fixed frame is given by 1 Assuming that the cavity's volume is much larger than the throat's, the motion of the air in the cavity is ignored so that only the mass conservation is concerned:
Because the throat's length is much shorter than a typical wavelength, the air in the throat may be regarded as being incompressible and is driven by the pressure difference between p c and p R . The equation of motion for the air in the throat is then given by 3 w -at PR (7) where w is assumed uniform along the throat. Eliminating w in Eqs. (6) and (7), we derive a single equation for p c by using p c = (8) where &>o is given by (Ba^/LV) 1^2 . With p R given by p(R, 0, x, t), p c , p c , and w are functions of 9 and x as well as t.
Since the tunnel wall is assumed to be smooth and rigid, the velocity component normal to it must vanish there. The velocity component normal to the inner surface of the tunnel is averaged over the unit area of the surface and its mean velocity is given by
Hence the boundary condition at the inner surface of the tunnel is taken as at r = R (10)
III. Dispersion Relation
Let us now derive the dispersion relation of wave propagation by assuming sinusoidal deflection of the beam in the form of
where k is taken to be real, whereas co is complex in general, as will be determined by the dispersion relation. In the moving frame, Eq. (11) is given by
In view of Eqs. (11) and (3), a solution to Eq. (1), 0, is sought in the following form:
Then the boundary condition (3) is imposed on / as dr at (
Expressing p R in terms of / and using Eq. (8), it follows that
Further using Eq. (9), the boundary condition (10) 
where C\ and C 2 are as yet arbitrary constants to be determined by the boundary conditions (14) and (16). To simplify their resultant expressions, it is convenient to introduce D ; -(jf = 1, 2, 3, 4) defined, respectively, by
where the prime implies differentiation with respect to the argument. Note that the logarithmic singularity involved in K\ cancels out in With C\ and C 2 thus specified, /(/?), p R , and p c are expressed as follows:
Having obtained the flowfield with C given, the force acting on the beam is calculated by using Eq. (5). In the moving frame, it is given by with
Upon substituting Eqs. (12) and (28) with Eq. (29) in Eq. (4), it is required for C to be nontrivial that
where 
where a designates the ratio of a typical induced mass of the cylindrical beam to the actual mass per unit axial length and controls the degree of aeroelastic coupling. In fact, rcpob 2 is the induced mass of the cylinder in the limits of a low frequency co -> 0 and of a thin beam v -* 0. For an arbitrary frequency, the induced mass depends on the frequency and also geometrical configuration (see Appendix A). The ratio a is very small, as expected. If a is ignored, Eq. (33) is decoupled into two factors for independent modes of propagation. The first factor represents the dispersion relation of the flexural waves propagating on the beam. This is called the beam mode. The second factor represents that of the acoustic waves propagating in the annular region when the beam is free from deflection (i.e., C = 0). This is called the acoustic mode. Note that this mode has cos 9 dependence and is nonaxisymmetric. When the tunnel is not lined, i.e., K = 0, the dispersion relation of the acoustic mode is given simply by k 2 -a) 2 -t; 2 where £" (n = 1, 2, 3,...) are the roots of £> 4 and £" are pure imaginary and nonzero because ft 2 
. Then the root of 1 -co 2 /co 2 ) = 0 is spurious. But when K is present, there appears another mode of propagation from this spurious root. This is the cavity mode associated with the lining and is distinguished from the acoustic mode associated with the roots of D 4 . Incidentally, the factor in the square brackets on the right-hand side of Eq. (33) is the dispersion relation in a case that the boundary condition (14) at r -b is replaced by p = 0, i.e., f(b) = 0.
To evaluate the dispersion relation numerically, we employ the following plausible values: , and F = 0.29. The preceding data will not differ significantly from those to be used in actual cases. But a choice of G and K is determined by the design of the train-tunnel system. In G, K/m determines a typical frequency of oscillation in the transverse direction of the beam. If this frequency is designed to be as low as 2yr rad/s (1 Hz), G is found to take a small value of 8.5 x 10~3. On the other hand, K measures the smallness of the resonators. This represents the ratio of the total volume of the resonators per unit axial length of the tunnel, 2nRN*V, to the tunnel's cross-sectional area nR 2 . The value of K is usually taken to be much smaller than unity, e.g., 0.1.
We first examine the dispersion relation in the limit of a long wavelength k -+ 0 and a low frequency CD -> 0, As ft 2 is correspondingly small, DJ The dispersion curves appear to cross but do not touch each other. Because the right-hand side of Eq. (33) is very small, they are substantially the acoustic mode or the beam mode in the case with a=0. For a small value of a, however, they are bent sharply to avoid crossing. There each curve cannot be identified clearly as the acoustic mode or the beam mode. In fact, the curve starting from co & 0.09979 at k -0 by Eq. (37) is the beam mode but is bent sharply to approach the acoustic mode as A; -» oo. Another curve starting from oo & 1 .584 at k = 0 is the acoustic mode but bent to approach the beam mode as k -> oo. For the remaining curves, the same holds. But we still call the curves except in the vicinity of the intersections according to the names for the independent modes of propagation in the case with a = 0.
If G vanishes, the imaginary part appears in the beam mode near the origin. Figure 3 displays the real and imaginary parts of co'(= co -Mk) against k for K = 0 and three values of M where the dotted, solid, and broken lines correspond, respectively, to the case with M -0.2, 0.4, and 0.6. For k < k f , the imaginary part of co appears in the form of the complex conjugate pair. As k increases beyond kf, the imaginary part vanishes and the real part bifurcates into two branches. Hence the instability occurs for k < k f . Then the beam is destabilized by the ambient air. But the wavelength corresponding to kf is found to be very long, about 450 m even for M = 0.6. Except in the vicinity of the origin as shown in Fig. 3 , the qualitative features of the dispersion curves are similar to those in Fig. 2 . As k increases, in fact, the upper and lower branches in Fig. 3 a approach, respectively, the curves in Fig. 2 starting from co -(DC and -COQ at k = 0.
Next we examine the effect of the resonators. there appear two more branches almost parallel to the k axis. They represent the cavity mode. The curve starting from co & 0.09979 at k = 0 is the beam mode. But it is bent horizontally around & = 1.2 to approach the cavity mode as k -> oowithco -» o>o = 1.25. Another curve starting from co ~ 1.1450 at k = 0 is the cavity mode. As k increases, it is first bent to coincide with the beam mode for a while and bent again to approach the acoustic mode as k -> oo. In this figure as well, all branches neither cross each other nor have the imaginary part. Hence all modes are neutrally stable. If we consider the case with K = 0.1 but with G = 0 to examine the effect of resonators on the instability of the beam mode as shown in Fig. 3 , the curves are little affected. Thus as far as the lossless dispersion relation is concerned, the resonators do not play a primary role in the instability of the beam mode near the origin for the present choice of the parameters.
B. Asymptotic Evaluation
In the preceding subsection, the dispersion relation has been evaluated numerically for the plausible values of the parameters. In view of the results, we examine it asymptotically by exploiting the fact that a is usually very small. In addition, the smallness of K may also be exploited for further simplification. When a is neglected in Eq. (33), we have two independent dispersion relations factorized on the left-hand side:
and Thus the dispersion relation in the vicinity of the intersection is approximated by the quadratic relation (41). When Eq. (41) is solved for 8co in terms of a real 8k, there are two cases; i.e., 8CD is real or complex. The former corresponds to the case of the numerical result in the preceding subsection. In the latter case, it is classified as Kelvin-Helmholtz instability. This case is possible if the following inequality holds: \ is about 5%, which is within the order of A:. Thus it follows that ju,//a/ takes the negative sign so that no instability occurs.
Next we examine the case of the intersections between the cavity mode and the beam mode. In this case, /x/ in Eq. (45) can alternatively be written as
For a small value of K, co/ is nearly equal to ±&>o and 3D a /3ft;|/ is estimated on neglect of K to be
where ft may be set to be (kf -a)l) {/2 . Hence when K is small enough, it holds approximately that Cij (52) Noting that D$ is the even function of p and that ft is real or purely imaginary, D^ is always real. Furthermore because co^/co'; is positive, />6//a/ is negative so that no instability occurs around these intersections. Hence the numerical result is endorsed by the asymptotic analysis.
V. Wave Energy and Negative Energy Waves

A. Conservation of Energy
So far we have been concerned only with the dispersion relation and the associated direct instability of the Kelvin-Helmholtz type. Next we consider the stability of wave propagation from a standpoint of the wave energy. Basically, the energy consists of the kinetic and potential energies associated not only with the air in the tunnel, i.e., in the annular region, but also with the beam and the resonators. For their calculation, it is advantageous to work in the moving frame. Taking the velocity potential to be -£/£ + O(r, 9, £, r), Eq. (1) is rewritten as (53) In terms of O, Eq. (2) is given by and Eqs. (3) and (10) are rewritten, respectively, as
where P c (0, £, T) = /7 C .(0, * = f + t/r, r = r).
Since the wave propagation is in essence one dimensional along the tunnel and all dissipative effects are discarded, we expect the equation for the conservation of energy in the following form:
To derive the specific form of E and J, we must start with the respective equations of energy for the air, beam, and cavity. For the air in the tunnel, the conservation of energy is given in the threedimensional form as follows (see Appendix B):
where s a and7^ are defined, respectively, by 
where E b and J b are given, respectively, by
The right-hand side of Eq. (61) is the power input by the air. For the resonator, on the other hand, we multiply Eq. (6) by p c /po and Eq. (7) by B w, respectively, and add them to derive the equation of energy
where s c denotes the kinetic and potential energies involved in a single resonator and is given by Equation (64) equates the power supplied from the tunnel with the rate of increase in s c .
With the three equations of energy available, we consider a control volume in the tunnel bounded by the end planes at £ -£ t and &(>£i) taken arbitrarily. The lateral surfaces are taken to be the inner and outer cylindrical surfaces at r -b and R, respectively. 
Here the first term stems from the first-order term -p () f/34>/3£ in the excess kinetic energy ^po[(-f/ + a<J>/3£) 2 - (7 2 ]. It vanishes upon integration over the control volume. But because the actual domain of integration extends from r = b 4-//cos0 to R, the quadratic term results from the integration over the narrow interval from r = b + H cos 9 to b to yield the first term. Equation (71) shows that the energy flux as a result of the coupling with the beam appears in the last term in the square brackets.
To evaluate J 0 , it is convenient to work with x and t in the fixed frame rather than £ and r. The transformation of variables from one frame to the other is readily made by the following substitutions: a/ar = a/ar -t/a/a^ and 3/3* = a/a£. By virtue of Eq. (10) together with Eq. (9), and Eqs. (64) and (8), it follows that
The first term on the left-hand side represents the power input into the resonators. The second term results from the quadratic transfer of the first-order kinetic energy -pot/ao/a^ by w* into the resonators.
Introducing Eq. (72) where the overbar implies a complex conjugate. On the other hand, J is calculated as
The integral of / in Eqs. (81) and (83) 
In executing the differentiation 3T>/3o) f and 3T>/3k, it is advantageous to make use of the relation (20). From Eqs. (84) and (85), it follows the well-known result 8 that the ratio J/8 is nothing but the group velocity, i.e., J/8 = -(3T>/3k)/(3T>/3o) f ) = dco'/dk.
C. Positive and Negative Energy Waves
Let us calculate 3T>/3o) of the dispersion relation shown in Figs. 2-4 . The signs attached to the curves indicate that of 3T*/3co. According to Eq. (84), it is found that all modes in Fig. 2 correspond to those of positive energy waves. In Fig. 3 for the case with G = K = 0, it is found for k > k f that the sign in the upper branch is positive, whereas the sign in the lower branch is negative. Denoting by k s a wave number where the upper branch crosses the k axis, it is revealed that the upper branch turns into the mode of negative energy waves in a very narrow region kf < k < k s . When the lining is introduced, Fig. 4 shows that the sign of 8T>/3o) is positive in the upper three branches and negative in the lower three branches.
But since the cavity mode intersects the dotted line CD = Mk, say, at k = k C9 the mode turns into that of negative energy waves for k > k c . It is found numerically that 3T>/3co' tends to diverge as k increases beyond k c . Thus given C, the negative energy density 8 increases infinitely in magnitude. But because the group velocity dcD f /dk tends to -U, the energy flux J takes a positive value and increases infinitely. Finally we remark that when G vanishes but with K = 0.1, the qualitative features remain the same as those in Fig. 3 for K = 0 and the negative energy waves emerge in k f < k <k s .
VI. Conclusions
This paper has examined aeroelastic wave propagation in the airbeam-cavity system to examine the stability of a beam traveling in a tunnel lined acoustically with Helmholtz resonators. It is found from the lossless dispersion relation that there exist a number of branches, which are classified into the acoustic, beam, and cavity modes. When the beam is free from the lateral restoring force, the temporal instability occurs in the beam mode for a long wavelength (k < kf) and a low frequency. Beyond k f , it is also found that the stable mode turns into that of negative energy waves for a narrow region k f < k < k s . It is emphasized, however, that the resonators do not take part in this instability. For the numerical values plausible in the actual train-tunnel system, the wavelength corresponding to kf is so long that it may become comparable with a train's whole length. To discuss the stability in this case, it becomes necessary to take account of end effects ignored in this analysis.
When the restoring force is present, all modes become neutrally stable for the present choice of the parameters. Therefore it may be concluded that the lining does not give rise to the direct instability of the Kelvin-Helmholtz type. But it is found that the cavity mode turns into the mode of negative energy waves for a short wavelength (k > k c ). This suggests that the cavity mode may be destabilized by weak dissipative effects. In designing the resonators, this point should be taken into account. The natural frequency chosen here ((DO = 1.25) corresponds physically to 13.5 Hz, whereas k c corresponds to the critical wavelength of about 10 m long. This implies that the natural frequency should be chosen higher to avoid the instability since the critical wavelength becomes short in proportion to o)(). This condition is consistent with another requirement that the natural frequency should be chosen high enough to inhibit emergence of shock waves.
In practice, however, if the wavelength corresponding to k c will become comparable or shorter than the spacing between the resonators, then the continuum approximation breaks down and the discrete character in the distribution should be taken into account. Another problem in reality is the effect of induced axial flow in the tunnel. Although this has been neglected by assuming the lossless and linear wave motions, it will be a next target of investigations to estimate the magnitude of the induced flow and to examine whether or not it can significantly change the present results.
Appendix A: Induced Mass of the Beam in the Tunnel
Assume the beam is rigid and let it be forced to oscillate harmonically in the y direction with a given angular frequency CD and a given complex amplitude C in the form of h(t) -C exp(-/&>?)• Formally this is the case in which k is set equal to zero in Eq. (11) and the equations that follow. Then the axial motion of the beam is immaterial. The induced mass m, of the beam per unit axial length is defined by the ratio of the induced inertia -q h , i.e., the force acting on the beam with its sign reversed, to the acceleration d 2 with/? 2 = -o) 2 . Figure A1 displays the induced mass m, against the dimensionless frequency CD for v = 0.3, where the solid and broken lines represent, respectively, the cases with the lining K -0.1 and coo = 1.25 and without the lining K = 0. It is found from Eq. (A2) that m\ diverges at frequencies corresponding to the acoustic and cavity modes for a -0 in the long-wavelength limit as k -> 0.
In the low-frequency limit as co -> 0, we have 
Appendix B: Conservation of Energy for the Air
In the moving frame with the beam, the equations of continuity and of motions are given, respectively, by 
